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a b s t r a c t
This paper considers the steady flow of an incompressible third grade fluid between two
vertical concentric rotating cylinders of infinite lengths. Modified Homotopy perturbation
method is used to reduce the volume of tedious calculations involved to solve second
order nonlinear differential equation. Special cases with one cylinder, inner or outer at rest
(bounded domain case), and fluid flow at a rotating cylinder (unbounded domain case) are
obtained. The effect of β , the non-dimensional number related to the material constants,
ω, rotation of the cylinder and R, the ratio between radii of outer and inner cylinders, on
the velocity profile are discussed and are shown graphically.
© 2009 Elsevier Ltd. All rights reserved.
1. Introduction
Most industrial fluid processing includes non-Newtonian liquids like multi-grade oils, liquid detergents, paints, polymer
solutions and polymer melts. In recent years the analysis of the effect of rotating concentric cylinders using non-Newtonian
liquids is a popular area of research, not only due to its geophysical and technological importance but also in view
of the interesting mathematical features presented by the equations governing the flow. Amongst these models, the
Rivilin–Erickson fluids of differential type, have not only attractedmuch attention, but also generatedmuch controversy [1].
Many non-Newtonian fluids show shear thinning or shear thickening and viscoelastic properties, which can be taken into
account by using third-grade fluid. Vajravelu et al. [2] presented solution of second order nonlinear differential equations
arising in viscoelastic fluid flows at a rotating cylinder. Vajravelu et al. [3] obtained numerical and exact analytical solutions
for third grade fluid between rotating cylinders and did a comparison between both numerical and analytical results. They
also established the existence, uniqueness and analyticity using the Schauder theory and perturbation technique.
F.T. Akyildiz et al. with Vajravelu in another paper [4] discussed the exact solutions for third grade fluid for bounded and
unbounded domain cases and compared those results with numerical ones.
In this paper, we study the steady flow of incompressible third-grade fluid between two vertical concentric rotating
cylinders of infinite lengths, using modified Homotopy Perturbation Method proposed by [5]. This method appears useful
in dealing with the complexity involved in source terms. It also reduced the volume of calculations when compared with
the standard Perturbation Method or Homotopy Perturbation Method in finding exact solutions for nonlinear differential
equation. The cases, with one cylinder stationary (bounded domain case) or flow due to only one cylinder (unbounded
domain case) are also discussed. A comparison of the third-grade fluidwith second-grade fluid and viscous fluid is presented.
Results are verifiedwith available literature [2–4,6]. After the introduction in Section 1, the flow equations are considered in
Section 2, and in Section 3, the problem and its equations alongwith the boundary conditions governing the third grade fluid
∗ Corresponding author. Tel.: +92 3018557484, +92 992383591 6; fax: +92 992383441.
E-mail addresses: tahirapak@yahoo.com, tahira@ciit.net.pk (T. Haroon).
0898-1221/$ – see front matter© 2009 Elsevier Ltd. All rights reserved.
doi:10.1016/j.camwa.2009.03.078
A.M. Siddiqui et al. / Computers and Mathematics with Applications 58 (2009) 2274–2285 2275
2r
2Ω1Ω
1r
Fig. 1. Geometry of circular Couette flow.
are formulated. Section 4 discusses themodified homotopy perturbationmethod to obtain the solutions of the problem. The
cases for bounded and unbounded domains are solved analytically in Section 5. Graphs, discussions and a conclusion are
presented in Section 6.
2. Flow equations
The basic equations, governing the motion of a homogeneous incompressible third grade fluid neglecting the thermal
effects, are
∇.V = 0, (1)
ρ
(
∂V
∂t
+ (V.∇)V
)
= ρf+∇.T, (2)
where
T = −pI+ µA1 + α1A2 + α2A21 + β1A3 + β2(A1A2 + A2A1)+ β3(tr A2)A1, (3)
where ρ is the constant density, V is the velocity field. The spherical stress pI is due to the constraint of incompressibility, T
the stress tensor and µ is coefficient of viscosity, α1, α2, β1, β2 and β3 are material constants.
The Rivilin–Erickson tensors are defined as
A1 = ∇V+∇VT, (4)
An = dAn−1dt + (V.∇)An−1 + (An−1∇V)+ (∇V)
TAn−1. (5)
Moreover, thermodynamics analysis imposes conditions [7] if all the motions of the fluid meet the Clausius–Duhem
inequality, and if it is assumed that the specific Helmholtz free energy is minimum when the fluid is at rest, then
µ ≥ 0, α1 ≥ 0, β1 = β2 = 0, β3 ≥ 0, |α1 + α2| ≤
√
24µβ3. (6)
The third-grade fluid model (3) under the above assumption is a shear thickening fluid.
3. Formulation of the problems
Consider the steady flow of an incompressible third grade fluid between two vertical concentric rotating cylinders of
infinite length. Let the inner and outer cylinders have radii r1, r2 and rotatingwith angular velocitiesΩ1 andΩ2, respectively
(Fig. 1).
Using expression (3) in equation of motion (2) with the help of restriction (6), in the absence of pressure gradient and
body forces we get
(V.∇)V = µ∇2V+ α1
[
∇2(∇ × V)× V+ grad
(
V.∇2V+ 1
4
|A1|2
)]
+ (α1 + α2)div A21 + β3A1 grad
(|A1|2)+ β3|A1|2∇2V (7)
where |A1|2 = tr
(
A1AT1
)
.
In cylindrical coordinates, assuming velocity V = [0, uθ (r), 0] the equation of continuity (1) is identically satisfied, and
Eq. (7) gives three components of momentum equation as follows:
r-component:
− ρu
2
θ
r
= −∂p
∂r
+ α1
[
1
r
∂
∂r
(
2r
(
∂uθ
∂r
− uθ
r
)2)]
− α2
r
(
∂uθ
∂r
− uθ
r
)2
+ α2
[
1
r
∂
∂r
(
r
(
∂uθ
∂r
− uθ
r
)2)]
. (8)
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θ-component:
µ
r2
∂
∂r
[
r2
(
∂uθ
∂r
− uθ
r
)]
+ 2β3
r2
∂
∂r
[
r2
(
∂uθ
∂r
− uθ
r
)3]
= 0. (9)
z-component:
∂p
∂z
= 0. (10)
Our concentration is on torsional flow, so we will consider only θ-component of velocity i.e.,
d
dr
[
r2
(
duθ
dr
− uθ
r
)]
+ 2β3
µ
d
dr
[
r2
(
duθ
dr
− uθ
r
)3]
= 0. (11)
After integrating Eq. (11) with respect to r , we obtain
d
dr
(uθ
r
)
+ 2β3
µ
r2
[
d
dr
(uθ
r
)]3
= C
r3
, (12)
subject to no slip boundary conditions of inner and outer cylinders
uθ = r1Ω1, at r = r1, (13)
uθ = r2Ω2, at r = r2, (14)
respectively. uθ is the non-zero azimuthal velocity component in cylindrical coordinates, and C is constant of integration.
Eqs. (12)–(14) can be made dimensionless by introducing the following dimensionless variables and parameters:
r∗ = r
r1
, u∗ = uθ
r1Ω1
, β∗ = β3Ω
2
1
µ
, C∗ = C
Ω1r21
.
In terms of these dimensionless equations boundary value problem (12) after dropping the ∗may be written as
d
dr
(u
r
)
+ 2βr2
[
d
dr
(u
r
)]3
= C
r3
, (15)
with corresponding boundary conditions of inner and outer cylinders
u(1) = 1, u(R) = ω (16)
respectively. Here ω = r2Ω2r1Ω1 and R =
r2
r1
.
4. Modified homotopy perturbation method
To learn the basic idea of modified homotopy perturbation method, we consider the nonlinear differential equation
L(u)+ N(u) = f (r) (17)
with boundary conditions
B
(
u,
∂u
∂η
)
= 0, r ∈ ∂Ω, (18)
where L is linear operator and N is non-linear operator. B is a boundary operator, f (r) is a known analytic function, ∂Ω is
the boundary of the domain and ∂u
∂η
is the directional derivative along the normal drawn outward fromΩ .
The modified homotopy perturbationmethod [5] is based on the idea of replacing f (r) by a series of infinite components
as
f (r) =
∞∑
n=0
fn(r), (19)
we then construct a homotopy
v (r, q) : Ω × [0, 1] → R, (20)
which satisfies the equation
ℵ [v, q] = (1− q) [L(v)− L(u0)]+ q [L(v)+ N(v)]−
∞∑
n=0
qnfn(r) = 0, (21)
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which is equivalent to
ℵ [v, q] = L(v)− L(u0)+ qL(u0)+ q [N(v)]−
∞∑
n=0
qnfn(r) = 0, (22)
where q ∈ [0, 1] is an embedding parameter, and u0 is the initial approximation satisfying the boundary conditions. We
assume that the solution is
v(r) =
∞∑
n=0
qnvn(r). (23)
If we set f1 = f and f0 = f2 = f3 = · · · = 0, then the homotopy (22) reduces to the regular homotopy (see Refs. [8–15]).
In case of modified homotopy perturbation method, f0 is combined with component v0, f1 is combined with the
component v1, f2 is combinedwith component v2 and so on. However, as argued in [5], success of thismethod depends upon
the proper selection of the function f0, f1, f2, f3, f4, . . .. The approximate solution u(r) of Eq. (17) can readily be obtained as
u(r) = lim
q→1 v(r, q) = v0 + v1 + v2 + · · · . (24)
5. Solution of the problem using the modified Homotopy perturbation method
To apply the modified homotopy perturbation method technique to solve Eq. (15) subject to boundary conditions (16),
we write
L(v) = d
dr
(v
r
)
,
N(v) = 2βr2
[
d
dr
(v
r
)]3
and
f (r) = C
r3
.
we decompose f (r) into an infinite series as
f (r) =
∞∑
n=0
fn(r). (25)
The only feasible choice that keeps the problem well-defined is to take
f0(r) = 0, (26)
f1(r) = C0 + C1r3 , (27)
f2(r) = C2r3 , (28)
f3(r) = C3r3 , (29)
...
where C is written in the form of an infinite series. If we do not apply this decomposition to C , then a boundary condition
at each order of approximation, other than the zeroth order, would be extra. Next, we construct the homotopy
v (r, q) : Ω × [0, 1] → R
satisfying
L(v)− L(u0)+ qL(u0)+ q
[
2βr2
[
d
dr
(v
r
)]3]
=
∞∑
n=0
qnfn(r), (30)
where the initial guess
u0 = 1R2 − 1
[
(Rω − 1) r + R (R− ω)
r
]
, (31)
2278 A.M. Siddiqui et al. / Computers and Mathematics with Applications 58 (2009) 2274–2285
satisfies the boundary conditions (16). We assume that the solution of Eq. (30) can be expressed as a power series in q, i.e.,
v(r, q) = v0 + qv1 + q2v2 + · · · , (32)
where the vi are independent of q. Substituting the expression (32) into Eq. (30) and boundary conditions (16), equating
equal powers of q give rise to a set of problems that we will now specify and solve in the following sections.
5.1. General solution
5.1.1. The Zeroth-order problem
The differential equation of the zeroth-order problem is
L[v0] − L[u0] = 0, (33)
under the boundary conditions
v0(1) = 1, v0(R) = ω. (34)
Since L is a linear operator, therefore the solution of the zeroth-order problem is
v0 = 1R2 − 1
[
(Rω − 1) r + R (R− ω)
r
]
= u0 . (35)
5.1.2. The First-order problem
Equating power of q from Eq. (30) we obtain differential equation for the first-order problem
L[v1] + L[v0] + 2βr2
[
d
dr
(v0
r
)]3
= (C0 + C1)
r3
, (36)
with the boundary conditions
v1(1) = 0, v1(R) = 0. (37)
The solution of the first-order boundary value problem is given by
v1 = − 8β(R− ω)
3
3R(R2 − 1)3
[(
R2 + 1) r − (R4 + R2 + 1)
r
+ R
4
r5
]
. (38)
5.1.3. The second-order problem
The differential equation for the second-order problem is
L[v2] + 6βr2
[(
d
dr
(v0
r
))2 ( d
dr
(v1
r
))]
= C2
r3
, (39)
with the boundary conditions
v2(1) = 0, v2(R) = 0. (40)
The solution of the second-order boundary value problem is given by
v2 = 192β
2(R− ω)5
R3(R2 − 1)5
[(
R2 + 1) (4R4 − 5R2 + 4) r
45
+ R
8
5r9
− (R
4 + R2 + 1)R4
9r5
+
(
(R4 + R2 + 1)2
9
− (R
10 − 1)
5(R2 − 1)
)
1
r
]
. (41)
Finally, the homotopy perturbation solution of the problem up to the second order is
u = lim
q→1 v = v0 + v1 + v2, (42)
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or equivalently
u = 1
R2 − 1
[
(Rω − 1) r + R (R− ω)
r
]
− 8β(R− ω)
3
3R(R2 − 1)3
[(
R2 + 1) r − (R4 + R2 + 1)
r
+ R
4
r5
]
+ 192β
2(R− ω)5
R3(R2 − 1)5
[(
R2 + 1) (4R4 − 5R2 + 4) r
45
+ R
8
5r9
− (R
4 + R2 + 1)R4
9r5
+
(
(R4 + R2 + 1)2
9
− (R
10 − 1)
5(R2 − 1)
)
1
r
]
. (43)
Taking v2 = 0, we recover the approximate solution given by Vajravelu et al. [3]. Keeping β = 0, we obtain solution for
Newtonian case [6].
Eq. (43) gives us the solution to the differential equation (15) corresponding to the boundary conditions (16). To
understand different physical aspects of the problem under consideration we will study three particular cases for bounded
and unbounded domains as follows:
5.2. When outer cylinder is fixed i.e,Ω2 = 0 and inner cylinder is rotating with constant angular velocityΩ1
For this particular bounded domain case the boundary value problem becomes
d
dr
(u
r
)
+ 2βr2
[
d
dr
(u
r
)]3
= C
r3
, (44)
subject to boundary conditions
u(1) = 1, u(R) = 0. (45)
5.2.1. The Zeroth-order solution
v0 = 1R2 − 1
[
R2
r
− r
]
= u0. (46)
5.2.2. The first-order solution
v1 = − 8βR
2
3(R2 − 1)3
[(
R2 + 1) r − (R4 + R2 + 1)
r
+ R
4
r5
]
. (47)
5.2.3. The second-order solution
v2 = 192β
2R2
(R2 − 1)5
[(
R2 + 1) (4R4 − 5R2 + 4) r
45
+ R
8
5r9
− (R
4 + R2 + 1)R4
9r5
+
(
(R4 + R2 + 1)2
9
− (R
10 − 1)
5(R2 − 1)
)
1
r
]
. (48)
Therefore, the homotopy perturbation solution of the problem up to the second order gives
u = 1
R2 − 1
[
R2
r
− r
]
− 8βR
2
3(R2 − 1)3
[(
R2 + 1) r − (R4 + R2 + 1)
r
+ R
4
r5
]
+ 192β
2R2
(R2 − 1)5
[(
R2 + 1) (4R4 − 5R2 + 4) r
45
+ R
8
5r9
− (R
4 + R2 + 1)R4
9r5
+
(
(R4 + R2 + 1)2
9
− (R
10 − 1)
5(R2 − 1)
)
1
r
]
. (49)
β = 0, gives the solution for Newtonian case [6].
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General Case
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Fig. 2. (a)–(d) The velocity profiles when both cylinders are rotating.
5.3. When inner cylinder is fixed i.eΩ1 = 0 and outer cylinder is rotating with constant angular velocityΩ2
This particular bounded domain case gives the boundary value problem
d
dr
(uθ
r
)
+ 2β3
µ
r2
[
d
dr
(uθ
r
)]3
= C
r3
, (50)
with no slip boundary conditions of inner and outer cylinders
uθ = 0, at r = r1, (51)
uθ = r2Ω2, at r = r2, (52)
respectively.
Introducing the following dimensionless variables and parameters:
r∗ = r
r2
, u∗ = uθ
r2Ω2
, β∗ = β3Ω
2
2
µ
, C∗ = C
Ω2r22
we obtain boundary value problem (50), after dropping the ‘‘∗’’ as follows:
d
dr
(u
r
)
+ 2βr2
[
d
dr
(u
r
)]3
= C
r3
, (53)
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 Case 1
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Fig. 3. (a)–(d) The velocity profiles for different values of Rwhen outer cylinder is fixed.
subject to the boundary conditions
u
(
1
R
)
= 0, u(1) = 1. (54)
Applying the same procedure as in the previous case, we obtain the following set of solutions.
5.3.1. The Zeroth-order solution
v0 = 1R2 − 1
[
R2r − 1
r
]
= u0. (55)
5.3.2. The first-order solution
v1 = 8β3(R2 − 1)3
[
R2
(
R2 + 1) r − (R4 + R2 + 1)
r
+ 1
r5
]
. (56)
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Fig. 4. (a)–(b) The velocity profiles for different values of β when outer cylinder is fixed.
5.3.3. The second-order solution
v2 = 64β
2
15(R2 − 1)5
[
5(R4 + R2 + 1)
r5
− 9
r9
+
(
4R8 − R6 − 6R4 − R2 + 4)
r
− (4R8 − R6 − R4 + 4R2) r] . (57)
Finally, we obtain
u = 1
R2 − 1
[
R2r − 1
r
]
+ 8β
3(R2 − 1)3
[
R2
(
R2 + 1) r − (R4 + R2 + 1)
r
+ 1
r5
]
+ 64β
2
15(R2 − 1)5
[
5(R4 + R2 + 1)
r5
− 9
r9
+
(
4R8 − R6 − 6R4 − R2 + 4)
r
− (4R8 − R6 − R4 + 4R2) r] . (58)
β = 0, gives the solution for Newtonian case [6].
The particular case for unbounded domain is as follows:-
5.4. When outer cylinder is removed i.e., the inner cylinder is rotating in an infinite pool of liquid
The boundary value problem
d
dr
(uθ
r
)
+ 2βr2
[
d
dr
(uθ
r
)]3
= C
r3
, (59)
with boundary conditions
u(1) = 1, lim
r→∞ u→ 0. (60)
gives:
5.4.1. The Zeroth-order solution
v0 = 1r = u0. (61)
5.4.2. The first-order solution
v1 = 8β3
[
1
r
− 1
r5
]
. (62)
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Fig. 5. (a)–(d) The velocity profiles for different values of Rwhen inner cylinder is fixed.
5.4.3. The second-order solution
v2 = 128β2
[
3
10r9
− 1
6r5
− 2
15r
]
. (63)
Finally,
u = 1
r
+ 8β
3
[
1
r
− 1
r5
]
+ 128β2
[
3
10r9
− 1
6r5
− 2
15r
]
. (64)
By eliminating v2 we obtain the same solutions as given by Vajravelu et al. [2]. β = 0, gives solutions for Newtonian
case [6].
6. Results and discussion
In this work, steady torsional flow of an incompressible third grade fluid is considered. Fig. 2(a) shows the calculated
velocity distribution for several values of ω when R = 4 and β = 0.1. When both cylinders are rotating with the same
angular velocity in the same direction, we get a linear velocity profile. With the increase in the rotation of the inner cylinder,
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velocity decreases from inner cylinder to outer cylinder. It is observed thatwith the increase in the rotation of outer cylinder,
velocity increases from inner cylinder to outer cylinder.
Fig. 2(a)–(c) are plotted when R = 4, R = 10 and R = 100, respectively. We observed that velocity increases with the
increase in R. Fig. 2(d) shows thatwith the increase inβ , back flow is enhanced and themagnitude of the velocity is increased
near the inner cylinder. For viscous flow, velocity decreases near the inner cylinder, but we do not get back flow.
Fig. 3(a)–(d) show the velocity distribution when the outer cylinder is fixed i.e.,Ω2 = 0, for different values of R keeping
β = 0.1. It is noted that back flow is developed when R is reduced from a certain limit. It is observed that the magnitude of
velocity is increased with the decrease in R.
Fig. 4(a) and (b) show the velocity profiles for bounded domain when the outer cylinder is fixed for different values of
β . In both figures, back flow is observed. It increases with the increase in the third grade parameter β but the magnitude of
back flow velocity decreases with the increase in R.
When the inner cylinder is fixed (i.e.,Ω1 = 0), Fig. 5(a)–(d) show the velocity profiles for different values of R, and
β = 0.1. We observed that the velocity u(r) decreases with the increase in the ratio R. An interesting phenomenon is
observed thatwhen R is small; we get a velocity of largemagnitude between the two cylinders. This velocity profile becomes
linear with the increase in R.
For different values ofβ Fig. 6(a) and (b) show the opposite velocity profiles, compared to the casewhen the outer cylinder
is fixed — i.e., we do not get any back flow but the magnitude of velocity decreases with the increase in R and it increases
with the increase in β , which is the same as observed in case1 when the outer cylinder is fixed.
Fig. 7(a) and (b) show the velocity profiles keeping β = 0.1 for unbounded domain (i.e., r2 → ∞). Fig. 7(c) shows that
back flow is enhanced by increasing non-Newtonian parameter β near the rotating cylinder for the unbounded domain.
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